In this section, we state the theorems needed in our paper. Recently This result clearly shows that the Seiberg-Witten invariant is an important tool to study the differential topology of symplectic four-manifolds; we will see in this paper that indeed this has many applications. The next two theorems of Taubes give very strong constraints on symplectic forms and almost complex structures supporting symplectic structures. 
In this section, we state the theorems needed in our paper. Recently, Seiberg and Witten ([SW] , [Wi] ) have introduced a new set of 4-manifold invariants. These invariants are in similar spirit to Donaldson invariants but much easier to handle. Various longstanding conjectures including the Thom conjecture are proved using Seiberg-Witten invariants. An important ingredient in the proof of the Thom conjecture by Kronheimer and Mrowka is the wall crossing formula for manifolds with b 1 = 0.
Seiberg-Witten invariants take on a very simple form for Kahler surfaces ( [Wi] , [B] , [FM1] ). All the basic classes are explicitly known and in particular, the anticanonical bundle is always a basic class. A large part of this story is generalized to symplectic manifolds by Taubes who ( [T1] , [T2] , [T3] , [T4] ) proved several remarkable theorems on Seiberg-Witten invariants of symplectic four-manifolds. Recall that every symplectic manifold has a complex line bundle, K (called the canonical bundle), which is canonical up to isomorphism. The first theorem of Taubes is and if equality holds then either ±E is equal to c 1 (K). In particular,
Theorem 3. ([T2])
The manifold CP 2 has no symplectic form ω for which c 1 (K) · [ω] > 0.
In his latest paper, for a cohomology class V ∈ H 2 (M ; Z), Taubes uses a new kind of Gromov invariant Gr(V ) (defined by Ruan [R] , see also [MS] and [RT] ) counting embedded symplectic surfaces (not necessarily connected) in the homology class Poincare dual to V . These theorems make it possible to study the structure of the space of symplectic forms on a symplectic four-manifold.
In complex geometry, the corresponding problem of understanding the moduli space of complex structures has been studied for a long time and there are very satisfactory answers for many complex surfaces ([FM2] ). For CP 2 , Yau [Y] proved, as a consequence of his solution of Calabi's conjecture, that any complex surface homotopic to CP 2 is holomorphically isomorphic to CP 2 . The moduli space of symplectic structure is a very hard question. Even for CP 2 , not much was known until the middle 80's, when Gromov invented the concept of J-holomorphic curves (see [G] ) and applied it to prove that if a symplectic homology CP 2 has a pseudo-holomorphic rational curve which represents the generator of H 2 , then it is symplectomorphic to CP 2 with the standard symplectic structure. Gromov's theorem was generalized by Mcduff [M] to cover the case of rational or ruled surfaces assuming the existence of embedded pseudoholomorphic rational curves with nonnegative self-intersection. Although this type of theorem strongly constrains the symplectic structures, at that time, it was not clear at all if the assumption of the existence of the pseudoholomorphic rational curves could be achieved or not.
A striking consequence of Taubes's theorems is that for any possible symplectic structure on CP 2 , the desired pseudo-holomorphic rational curve always exists. Combining with Gromov's result, he proved 
Statements of results
In this paper, we are going to study the symplectic topology of symplectic four manifolds. An important tool is the general wall crossing formula of Seiberg-Witten invariants. If b + 2 > 1, then the SW invariants are well defined smooth invariants. However, when b + 2 = 1, as in the case of Donaldson invariants, a general one parameter deformation can not avoid the bad points where reducible solutions occur, so the invariance breaks down. It is Kronheimer and Mrowka [KM] who first studied the wall crossing formula when b 1 = 0 and the moduli space is zero-dimensional in their proof of the Thom conjecture. In [LL] , we generalize their wall crossing formula to allow arbitrary b 1 and arbitrary dimension of the moduli space as long as it is nonnegative. The difficulties arise because the reducible solutions are not anymore isolated points as in the case b 1 = 0. In fact, they are parametrized by the Albanese torus, and the geometry around them is very complicated. By several reductions, we bypass these difficulties and prove
Theorem (General wall crossing formula). Let M be an oriented fourmanifold with
As a corollary, we get 
For the precise meaning of Ω, see [LL] . The main conclusion is that when crossing a wall, the invariant does not always change by ±1 as in the case discussed by Kronheimer and Mrowka, but depends on some characteristic classes calculation. The new phenomenon is the jump of the SW invariant of a line bundle; it only depends on its first Chern class and can change by either an even integer or an odd integer which we call even type and odd type respectively. For an even type line bundle, the SW invariant is still a smooth invariant modulo two.
For a symplectic manifold with b + 2 = 1, combined with Taubes's Theorems 1-6, we can often get interesting results without detailed understanding of the geometry of the manifold. This is different from the study of Kahler manifolds which crucially depends on the classification and explicit knowledge of the underlying manifolds. This is illustrated by the following theorem. We can also show that for geometrically ruled surfaces, the symplectic cone is the union of the ample cones for all different complex structures. Other interesting applications are the following two theorems. 
Theorem E (Generalized adjunction inequality
However as the forward cone and backward cone are disjoint, Theorem E does not imply K 1 · ω 1 ≥ |K 2 · ω 1 | which is impossible since it would contradict Taubes's Theorem 3.
The proof of Theorem E basically follows Kronheimer and Mrowka's proof for CP 2 , but also use Taubes's theorems. Also note that the Thom conjecture for Kahler surfaces was proved by Morgan, Szabo and Taubes ([MST] ). This paper is organized as follows. In §2, we first introduce some definitions. Then we study in detail the wall crossing behaviour in Taubes's perturbation and prove Theorem A. In §3, we prove Theorems B, C and D. In §4, we prove Theorems E and F.
SW invariants for b
+ 2 = 1 and wall crossing Let us first give some definitions. Denote by p the quotient map from the space of closed 2-forms to H 2 (M ; R). Let J be an almost complex structure on M . We say a nondegenerate 2-form ω is J-compatible if J is ω-compatible, i.e., ω(V, JV ) > 0 for all nonzero tangent vector V . We call J a symplectic almost complex structure if there exists J-compatible symplectic forms. For such a J, define the symplectic cone C J of J to be the image of all the J-symplectic forms under the map p.
Let K ∈ H 2 (M ; Z) be the canonical class of a homotopy class of almost complex structures. We say K is a symplectic canonical class if there exists a symplectic almost complex structure in this homotopy class. For a symplectic canonical class K, define the symplectic cone C K to be the union of the symplectic cones C J of all the symplectic almost complex structures in this homotopy class.
We call two symplectic forms ω 1 and ω 2 deformation equivalent if ω 1 and ω 2 are joined by a path of symplectic forms (not necessarily cohomologous). We say that ω 1 and ω 2 give the same symplectic structure if there exists a self-diffeomorphism Φ such that ω 1 and Φ * ω 2 are deformation equivalent. For a four-manifold M with b + 2 = 1, in general, the Seiberg-Witten invariant is no longer a smooth invariant of the underlying manifold, since a generic 1-parameter deformation can not avoid reducible solutions, i.e., solutions with the spinor part ψ are identically zero. The moduli space has singularities at reducible solutions, and the invariant may jump. Given a metric g, since the self-dual harmonic 2-form is one-dimensional, there is a unique associated self-dual harmonic 2-form ω g for g, mod nonzero scalars. For the standard SW equation, reducible solutions exist if and
. The cohomology classes with positive square form a cone with two connected components. Given an orientation of H + , one is called the forward cone and the other is called the backward cone.
In the rest of this section, we assume that M is a four-manifold with b + 2 = 1. Let us examine in detail Taubes's constructions. There are three parts:
Perturbed SW equation:
(1b)
where A 0 is a canonical connection on K −1 (up to gauge equivalence).
Deformed SW equation:
(1c)
A wall could appear in any of the following three steps, there might be some walls for r ≥ 1. In the following, we will study the number of walls that occurred in each step of Taubes' perturbation. We say the wall crossing number of L is n if after crossing a wall, the SW invariant of L changes by ±n.
Proof. Suppose (A, 0) occurs as a reducible solution. Wedge ω with the deformed equation,
and note that F A is the curvature of
By assumption, c 1 (E) · ω ≤ 0, so r ≤ 0 and does not lie in the defining region r ≥ 1.
The above equation, viewed as an equation of r, always has a real solution; let r cr be the unique solution. Then we have the following lemma: Lemma 2.2. Suppose some walls occur in step 2, then
Proof. Suppose (A, 0) occurs as a reducible solution. Wedge ω with the perturbed equation,
By the definition of r cr , this gives (3.8).
If c 1 (E) · ω > 0, then r cr > 0. Notice that the right hand side of (3.8) is quadratic in ω while the left hand side is linear in ω; by scaling ω by a positive constant, r cr can be chosen to be greater that 1. The scaling would not affect the number of walls occurring in steps 2 and 3. 
there is an odd number of metric walls from any metric compatible with ω to any psc metric, and by Corollary 2.3, there is an odd number of walls in step 2 and 3, so there is an even number of walls in step 1-3. If K −1 ·ω > 0, there is an even metric wall from any metric compatible with ω to any psc metric, and again by Corollary 2.3, there is an even number of walls in step 2 and 3, so again there is an even number of walls in step 1-3. But this contradicts with the fact that the r → ∞ deformed SW equation has exactly one solution, since for positive scalar curvature metric, there is no solution for the standard SW equation.
Remark. This lemma can be proved directly for ruled surfaces by explicitly calculating ω psc .
We give a simple but quite useful lemma which can be viewed as the analogue of Hodge index theorem of algebraic surfaces. 
If 
Proof of Theorem A. Let us first assume that the wall crossing number for K −1 is odd. The first step is to prove that E is represented by a symplectic curve. In Taubes's chamber, the SW invariant of K −1 is odd. By Corollary 2.3, if K −1 · ω > 0, the SW invariant of K −1 for the metric compatible with ω is even, and if K −1 · ω < 0, the SW invariant of K −1 for the metric compatible with ω is odd. Now apply Taubes's trick: Reflect along E; K −1 goes to
, then the SW invariant of K −1 + 2E for the metric compatible with Re(E)(ω) is even (odd). Note that Re(E) preserves the forward cone and the backward cone, so ω and Re(E)(ω) are in the same cone. Apply Corollary 2.3; we see that no matter whether (K −1 + 2E) · ω is positive or negative, the SW invariant of K −1 + 2E is odd in Taubes's chamber, so E is represented by a symplectic curve.
But it remains to prove that E is indecomposable, i.e., E can not be represented by disjoint union of symplectic curves. By the adjunction and dimension formulae, a generic connected, embedded, symplectic curve with negative square is a symplectic −1 curve. Suppose F i are components of the symplectic curve representing E. Then dim Gr (F i ) = 0, since dim Gr (E) = 0. Since E 2 = −1, at least one F i has negative square, say F 1 , then F 1 is a symplectic −1 curve. Denote it by E . So E is of the form E i F i . Let T = i F i . Since E is a symplectic −1 curve, it must be unique, so the SW invariant of K −1 + 2E is odd in Taubes's chamber. By Corollary 2.3, if (K −1 + 2E ) · ω > 0 (< 0), then the SW invariant of K −1 + 2E for the metric compatible with ω is even (odd). Now apply Taubes's trick again: reflect along E , K −1 + 2E goes to K −1 − 2T . Argued as above, we get that the SW invariant of K −1 − 2T is odd in Taubes's chamber. So −T is represented by a symplectic curve, but T is also represented by a symplectic curve, a contradiction.
When the wall crossing number of K −1 is even, then for K −1 -hence for K −1 + 2E and K −1 − 2T -the SW invariant is odd in any chamber, and the result follows from the same argument as above.
Symplectic structures on ruled surfaces
In this section we will prove Theorems B, C and D.
Theorem B.
There is a unique symplectic structure on the S 2 -bundle over a Riemann surface.
is a free abelian group of rank two generated by the base class x and the fiber class y. Let K First we prove that for the standard canonical class, the symplectic structure is a deformation equivalent to the standard one. For the nontrivial S 2 -bundle over S 2 , we use Theorem A and Taubes's Theorem 5. For other S 2 -bundles, we first show that the r −→ ∞ deformed SW equation has solutions for the fiber class y, then apply Taubes's argument of SW = ±Gr to conclude that Gr(y) = 0. We finally prove that fiber class y is indecomposable, i.e., can not be represented by disjoint union of embedded smooth submanifolds, so there exists J-holomorphic rational curve of selfintersection 0 in the fiber class. The last step is the following theorem of Mcduff:
Theorem. ([M])
Any minimal symplectic 4-manifold (X, ω) which contains an embedded rational curve Σ with Σ · Σ = 0 is deformation equivalent to the S 2 -bundle over a Riemann surface with the standard symplectic form.
Then we show that exotic canonical classes, i.e., canonical classes which can not be mapped to the the standard ones by diffeomorphisms, do not support any symplectic forms.
Proof of Theorem B.
We start from the chamber of psc metric, consider the SW equations for K Since the formal dimensions of both curves should be nonnegative, we see if g = 1, or 2, A and C must both be zero, and B = D = 1 2 . But y is a primitive class, so this is impossible. If g = 1 or 2, the only possible decomposition is y = (y − x) x. We will rule out this case by proving that y − x is indecomposable and has too "small" a genus.
If The genus of y − x is 0 if g = 1, and is −1 if g = 2.
The virtual genus of y is zero; since y is indecomposable, the y-curve must be an embedded symplectic sphere. The complex conjugation maps x to −x and y to −y, so we can assume that the coefficient of x is nonnegative. When the base is a sphere, it is easy to see that there are no exotic canonical classes. When the genus is one, if M is the trivial bundle, the exotic canonical classes are − l odd. By Corollary 1, wall crossing numbers for these exotic canonical classes are not equal to ±1; by Lemma 2.4, they do not support any symplectic structures.
We can also get complete constraints on the symplectic forms. Our basis is related to Hartshorne's basis as follows: y is just F , and
if e is even,
It is easy to see for trivial bundles that the e = 0 complex structure has the ample cone a > 0, b > 0, and for nontrivial bundles with base curve of genus greater that zero, the e = −1 complex structure has the ample cone a > 0, a + 2b > 0. For CP 2 #CP 2 , the e = 1 complex structure has the ample cone a > 0, b > 0. Now we prove Theorem C. Let M k be the blow-ups of the S 2 -bundle with −1 curves E 1 , · · · , E k . The anticanonical bundle of the standard almost complex structure K −1 is 2x + (2 − 2g)y − i E i for the trivial bundle and is 2x + (1 − 2g)y − i E i for the nontrivial bundle. By Theorem A, for symplectic structures with the standard anticanonical bundle, E i are symplectic −1 curves, so we can symplectically blow-down E i and get back to S 2 -bundles. Since the symplectic structures on S 2 -bundles are unique, we also get Proposition 3.7. The symplectic structures with the standard anticanonical bundle on M k are unique. 
i being an integer. Again it is easy to see that any
The second statement of Theorem D follows from Proposition 3.7. To prove the first statement, we need to study the diffeomorphism group of P Theorem. [Wall] (1) Aut r (P 2 2 ) is generated by trivial automorphisms and
generated by trivial automorphisms and R(H
Theorem D will be finished by the following proposition.
Proposition 3.9. Diffeomorphisms act transtively on the canonical classes of P
Proof. By Wall's theorem, it suffices to show that Aut r (P 2 k ) acts transtively on all the characteristic elements ξ with ξ 2 = 9 − k. This is proved by Wall implicitly in [W] for 1 ≤ k ≤ 8. We adapt his argument to prove the case k = 9. Let ξ = aH + 9 i=1 b i E i be a characteristic element with norm zero.
Using trivial automorphisms, we can assume that a, b i ≥ 0 for i = 1, · · · , 9 and that the b i are arranged in decreasing order. Note
This replaces a by 2a
We decrease a until this is no longer satisfied. It is easy to see that it is impossible to have 3a
Since the b i are in decreasing order, this implies that all the b i are the same. Since ξ is the characteristic, and this is preserved by automorphisms in Aut r (P 2 k ), it is easy to see that 3H + 1≤i≤9 E i is the only class.
Symplectic canonical classes and generalized adjunction inequality
In this section, we prove Theorems E and F.
Theorem E (Generalized adjunction inequality). Suppose M is a symplectic four-manifold with b
+ 2 = 1 and ω is the symplectic form. Let C be a smooth connected embedded surface with nonnegative self-intersection.
As a corollary, we get the generalized Thom conjecture for symplectic four-manifolds with b The following theorem of Kronheimer and Mrowka is crucial in our proof. is even, one can directly generate a SW solution for the long neck metric. Let ω LN be the unique self-dual harmonic form for the long neck metric (ω LN may not be symplectic). If the wall crossing number of K −1 is odd, assume first that K −1 · ω LN < 0 where now the neck is taken with respect to the smooth surface C.
, then in the symplectic metric chamber, the invariant is 0 modulo 2 by Corollary 2.3; if K −1 · ω < 0, in the symplectic metric chamber, the invariant is 1 modulo 2 by Corollary 2.3. In either case, the invariant is 1 modulo 2 in the long neck chamber, so a solution exists there. If C is a sphere, then the cylinder has psc metric, but this implies that there is no solution. Therefore, we can assume that g(C) ≥ 1. By KM's argument, there exists a time-independent solution of SW for Remark. We largely follow KM's proof of the Thom conjecture for CP 2 . Our key observation is that it is sometimes better to work in the symplectic category than in the Kahler category with the powerful results of Taubes and the general wall crossing formula.
Remark. Let M, ω 
Since rational symplectic forms are dense, we have K 1 · ω 1 ≥ K 2 · ω 1 for all possible ω 1 . If K 1 −K 2 is not torsion, the equality holds for some symplectic form ω 0 . Then K 1 − K 2 can take both signs for symplectic forms near ω 0 , violating the above inequality.
Remark.
(1) Taubes's original argument can go through directly under the assumption that either M has psc metric or the wall crossing number for K 2 with a basic SW class, one can give another proof of Taubes's more constraint on basic classes [T2] .
